Abstract. In this paper we deal with three generalized notions of amenability, approximate, approximate weak and approximate n-weak amenability. The first two were introduced and studied by Ghahramani and Loy in [5] . We introduce the third one. Then we investigate some properties of Banach algebras in each of these classes. Also we consider approximate weak amenability and approximate n-weak amenability of second duals.
INTRODUCTION
In [5] Ghahramani and Loy introduced the concepts of approximate amenability and approximate weak amenability of Banach algebras. In the same paper the authors showed the distinction between each of these concepts and the corresponding classical notions. Obviously if A is approximately amenable, then it is approximately weakly amenable. However the converse is not true. To see this, let The main part of this work was undertaken while the second author was studying for PhD at the Islamic Azad University. The second author wishes to thank Islamic Azad University for the financial support.
The concept of n-weak amenability was introduced by Dales, Ghahramani and Gronbeak in [2] , where the authors discussed various cases in which n-weak amenability implies m-weak amenability and some cases which the converse implications do not hold.
Motivated by these distinctions we study further approximate amenability and approximate weak amenability. Moreover we introduce and study approximately n-weak amenable Banach algebras and approximately cyclic amenable Banach algebras.
Before proceeding further we recall some terminology.
Throughout A is a Banach algebra and X is a Banach A-bimodule. Also A-module
For any x ∈ X , the mapping δ x : a −→ ax − xa ,a ∈ A, is a continuous derivation which is called an inner derivation. Let
be the space of all continuous derivations from A into X and B 1 (A, X ) be the space of all inner derivations from A into X . Then the first cohomology group of A with coefficients in X is the quotient space
, the n-th conjugate space of A, is an A-module, with the module actions defined inductively by
The second dual of a Banach algebra, equipped with the first [resp. second] Arens product is a Banach algebra. For the definitions of these products the reader may refer to [1] . We always consider the second dual of a Banach algebra with the first Arens product which we denote with 2.
A Banach algebra A is called n-weakly amenable if 
(iii) if θ : A −→ B is a continuous homomorphism into the Banach algebra B such that θ(A) = B, then B is approximately weakly amenable.
Definition. Let I be a closed ideal in A. We say that I has the approximate trace extension property if for each λ ∈ I * with a.λ = λ.a(a ∈ A) there is a net
Proposition 2.2. Let I be a closed ideal in A.
(i) Suppose that I is weakly amenable and A/I is approximately weakly amenable.
Then A is approximately weakly amenable.
(ii) Suppose that A/I is approximately weakly amenable. Then I has the approximate trace extension property.
(iii) Suppose that A is weakly amenable and I has the approximate trace extension property. Then A/I is approximately weakly amenable.
Proof. We adapt the argument of [1, Proposition 2.8.66].
(i) Suppose ι : I −→ A is the natural embedding and
, and so, since I is weakly amenable, there exists λ 1 ∈ I * with and so there exists a net (λ α ) ⊆ I ⊥ such that
It now follows that A is approximately weakly amenable.
(ii) Take Λ ∈ A * with Λ| I = λ. Define
We see immediately that D ∈ Z 1 (A/I, (A/I) * ). Since A/I is approximately weakly amenable, there exists a net (λ α ) ∈ I ⊥ such that
(iii) Suppose π : A −→ A/I is the quotient map and D ∈ Z 1 ∈ (A/I, (A/I) * ). Set
, and so there exists λ ∈ A * with Da = a.λ − λ.a (a ∈ A).
Clearly Da| I = 0 and hence a.λ| I = λ| I .a (a ∈ A). Thus by assumption there exists a net (τ α ) ⊆ A * such that for every α we have τ α | I = λ| I and
Now it follows that A/I is approximately weakly amenable.
In the following Proposition we characterize approximately amenable Banach algebras. for all x * ∈ φ and a ∈ F. Thus there is a net (x α ) ⊆ X such that
Finally, for each finite set F ⊆ A, say F = {a 1 , . . . , a n }, (a 1 .x α − x α .a 1 , . . . , a n .x α − x α .a n ) −→ (Da 1 , . . . , Da n ) weakly in X n . By Mazure's Theorem,
. . , a n .x α − x α .a n )}.
Thus there is a convex linear combination x F,ǫ of elements of the set {x α } such that
The family of such pairs (F, ǫ) is a directed set for the partial order ≤ given by
(ii) Let D ∈ Z 1 (A, X * ) for an A-module X . As in [2] , X * * * is an (A 
Let P : X * * * −→ X * be the natural projection. Then
and so D is approximately inner. Therefore A is approximately amenable. 
a (a ∈ A).
Let P : A * * * −→ A * be the natural projection.Then
Therefore A is approximately weakly amenable.
Remark 2.4. By Proposition 2.1 (i) if A is approximately weakly amenable, then
A 2 is dense in A. This is not the case if we replace approximate weak amenability with approximate cyclic amenability, as the following example shows. Therefore these two concepts are distinct. Indeed this example can be used also to show the distinction between weak and cyclic amenability.
Let S = {s, 0} be the semigroup with binary operation, s 2 = s0 = 0s = 0 2 = 0. It is easy to see that every cyclic derivation D : ℓ 1 (S) −→ ℓ ∞ (S) is zero and hence ℓ 1 (S) is a cyclic amenable Banach algebra. However ℓ 1 (S) 2 = 0.
APPROXIMATE N-WEAK AMENABILITY
Definition. Let n be a natural number. We say that A is approximately n-weak 
and so there exists a net (Λ α ) ∈ A (n+2) with
Let P : A (n+2) −→ A (n) be the natural projection. Then
and so D is an approximately inner derivation. Thus A is approximately n-weak amenable.
Suppose A is not unital and A # = Ce ⊕ A is its unitization. Define e * ∈ A # * by requiring that e * , e = 1 and e * | A = 0. Then we have the identifications
The module actions of A # on A (i) Let D ∈ Z 1 (A, A 2n ) and define
Certainly D is a continuous derivation and hence can be viewed as an element of
Using the identity A #(2n) = Ce * ⊕ A (2n) for every α we find Λ α ∈ A (2n) and γ α ∈ C such that Λ ′ α = γ α e * + Λ α and so
be a continuous derivation. It is easy to see that D : A −→ A 2n−1 is a continuous derivation, and so there exists a net (Λ α ) ⊆ A 2n−1 such that
Let a, b ∈ A. Then we have 
is a cyclic derivation; So there exists a net {a *
(ii) This follows from Proposition 3.2 (ii) and [7, corollary 2.2] .
The following theorem is a partial converse of Theorem 3.1. Proof. We adapt the argument of [2, Proposition 1.13]. For n ∈ Z + , we regard
as the second dual of (A 2n , 2) taken with the first Arens product 2, and, for m ≤ n, we regard (A 2m , 2) as a sub algebra of (A 2n , 2).
Fix n ∈ N. Since A is an ideal in (A * * , 2) then for each a ∈ A, the operators L a and R a on A are weakly compact,and so the operators L (2n) a and R (2n) a are weakly compact on (A 2n , 2). Thus a.φ,φ.a ∈ A (2n−2) for a ∈ A and φ ∈ A (2n) . Further, a 1 . . . a n .φ and φ.a 1 . . . a n belong to A for a 1 , . . . , a n ∈ A and φ ∈ A (2n) . Let the map P : A (2n+1) −→ A * be the natural projection. Then
and
By assumption D 1 is approximately inner, and so it suffices for the result to show that D 2 is approximately inner.
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Let a,b∈ A [n] where the later algebra is the n-th power of A. For each φ ∈ A (2n)
we have φ.a, b.φ ∈ A as we saw in the first paragraph and hence Therefore A is approximately (2n+1)-weak amenable.
